A class of finite element methods is proposed for first order hyperbolic equations.
1. Introduction. In this work, two finite element schemes for a mixed initialvalue boundary value problem for a single first order hyperbolic equation in one space dimension are proposed, using a nonstandard variational formulation.
The results are obtainable for the corresponding Cauchy problem and for more general first order hyperbolic systems. The simple example chosen here is for ease of exposition.
The schemes fall in analogy with the so-called H~l Galerkin methods proposed by Rachford and Wheeler [5] for two point boundary value problems.
In this work, the Galerkin approximation is obtained by the use of specially chosen spaces of trial functions and test functions in a weak-weak formulation of the boundary value problem. The above spaces are chosen to be compatible with this variational formulation.
The first scheme produces an approximation continuous in the time variable with optimal L2 error estimates of 0(hr), where the solution is approximated in a space of discontinuous (nonconforming) piecewise polynomial functions of degree r-l,r> 1.
Secondly, a Crank-Nicolson type time discretization yields approximations discrete in time with again optimal L2 error estimates of 0(hr 4 r2), using the above space of functions: j denotes the discrete time step. The method is unconditionally convergent and stable.
2. Notation. 2.1. Function Spaces. Let £2 = (0, 1), and let 0 < T < °° be fixed. For s > 0, HsÍQa) will denote the Sobolev space ^(£2) of real-valued functions on £2, and II ■ \ will denote the corresponding norm.
For definitions and the relevant properties of these spaces, see for example [4] .
For s < 0 the spaces //i(£2) are defined following [6] , as the completion of C°°(£2), the set of infinitely differentiable functions on £2, with respect to the norm: Following [4] , we also adopt the notation L"(0, T; H'ijl)) = {v. [0, T] -H%Sl): \\\v\\\ps < «}, p = 2, ~.
We note also that //°(£2) = Z,2(£2), the Hubert space of real-valued functions square integrable with respect to Lebesgue measure on £2. We shall write (u, v) = I uvdx, u,vEL2(U.).
J o Also, we define the space //(£2)= {vEH1(Qa): u(l) = 0}.
2.2. The Boundary Value Problem. We shall be interested in approximating the solution of the following mixed initial-value boundary value problem. A function u: £2 x [0, T\ -* R is sought satisfying
The functions/, g and w0 are given. Henceforth it will be assumed that/, g and w0 are such that a unique solution u exists, for t ~> 0. In the appropriate places to follow, precise conditions on the smoothness of u sufficient to guarantee the convergence results will be imposed.
Define the following bilinear form b( ■ , ■ ):
Observe that the boundary value problem (2.1) has the following weak-weak formulation: u E L2(0, T; I2(£2)) satisfies
for all v E /Y(£2), t > 0. Given A E II(£2), set h = mnxl<i<Nx¡ ~x¡_l. For flCiî and integer r > 0, PriD) will denote the set of polynomials of degree < r on Û We now define certain finite-dimensional function spaces relative to A, which will be used to obtain the approximations. 
>0. *,.<*<!.
Again v E //A(£2), and
Finally, if Gû = 0 for some ûERd, u^O, then u^G« = 0 forallG6fld, which is not possible. Hence G is nonsingular.
The following result is easily obtainable by appropriate local Taylor expansions.
Lemma 2.2. There exists a constant 0 < C* <°°, such that for all u E //i(£2),
INF II« -Xl0 < C*hs \\u \\s, 0 < s < r, The estimate (4.3) may be derived by arguments analogous to those used for standard Galerkin methods for parabolic equations found in [6] .
Let cja be defined by (3.7), and let r¡ = u -coA, 0 = UA -coA, and e = u -UA. Then from (4.1), (3.7) and (2. We remark that the definition of UA( ■ , 0) in GA(£2) is arbitrary up to being an optimal L2 approximation to u0. (4.2) defines one such choice. Throughout the rest of the paper, C will denote a generic constant, not necessarily the same in any two places.
The following result defines a fully discrete Galerkin approximation, and gives the error estimates. We now derive the estimate (5.3). Again let coA E GA(£2) be defined by (3.7), and set t? = u -coA, 0" = U" -coA and e" = un -U"A.
From (2.2) it follows that (5.4) i\un, x) 4 biu" + v\ x) = </"+ ,/2 + P", X) 4 g" + lÁXÍ0)
for all x G //(£2), where 
